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computation time relative to Dictionary-FOCUSS. With this 
initial implementation, which reconstructs an entire slice at 
once and runs on Matlab, processing times as low as 5 seconds 
per slice are already achievable. While being feasible for 
clinical application of accelerated DSI, the presented methods 
do not sacrifice reconstruction quality for computation speed.  

 
Fig. 11. Axial view of white-matter pathways labeled from streamline DSI 
tractography in fully sampled data and 3-fold accelerated data reconstructed 
with PCA, PINV(K-SVD) and PINV(PDF). The following pathways are 
visible in this view: corpus callosum - forceps minor (FMIN), corpus callosum 
- forceps major (FMAJ), anterior thalamic radiations (ATR), cingulum - 
cingulate gyrus bundle (CCG), superior longitudinal fasciculus - parietal 
bundle (SLFP), and the superior endings of the corticospinal tract (CST). 

 
Fig. 12. Average FA (left) and MD (right) for each of the 18 labeled 
pathways, as obtained from the fully sampled data and 3-fold accelerated data 
reconstructed with PCA, PINV(K-SVD) and PINV(PDF). Intra-hemispheric 
pathways are indicated by “L-” (left) or “R-” (right). The pathways are: 
corpus callosum - forceps major (FMAJ), corpus callosum - forceps minor 
(FMIN), anterior thalamic radiation (ATR), cingulum - angular (infracallosal) 
bundle (CAB), cingulum - cingulate gyrus (supracallosal) bundle (CCG), 
corticospinal tract (CST), inferior longitudinal fasciculus (ILF), superior 
longitudinal fasciculus - parietal bundle (SLFP), superior longitudinal 
fasciculus - temporal bundle (SLFT), uncinate fasciculus (UNC). 

The governing idea of this work is that the key to good 
reconstruction quality is the priors encoded in a dictionary, 

and not the particular type regularization applied on the 
transform coefficients. Constraining the reconstructed pdfs to 
be a linear combination of the dictionary columns is shown to 
be a much stronger prior than sparsity or smoothness 
constraints on the linear combination weights. As such, simple 
ℓ𝓁!-regularized reconstruction yields as good results as the 
iterative ℓ𝓁! solution, as long as a dictionary is involved. 
Indeed, using the same dictionary made of 258 columns that 
requires at most 10 dictionary columns to represent the 
training dataset, Dictionary-FOCUSS with ℓ𝓁!-regularization, 
and PINV(K-SVD) with ℓ𝓁!-constraint yield very similar 
results. To further support the claim that sparsity is not 
essential, we proposed PCA and PINV(PDF) methods that 
include no sparsity assumption in either training or 
reconstruction steps. In fact, PINV(PDF) is so simple that it 
only requires the reconstructed pdfs to be in the range of 
training pdfs, but it works equally well as the other more 
involved methods presented in this work. The advantage of 
using a K-SVD trained dictionary is that it allows a more 
compact representation, while a couple of thousand pdfs are 
required to achieve good reconstruction quality in PINV(PDF) 
(Fig.10). To show that K-SVD trained 258-column dictionary 
and the 3191-column dictionary made from training pdfs have 
equivalent representation power, we computed the difference 
in the range of these dictionaries via, 

𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙 = (𝐆𝐆𝐇 − 𝐈)𝐇 𝑭
𝟐 	
   (20) 

Here, 𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙 is the energy of the part of one dictionary 
that cannot be represented by the other one. To arrive at this 
relation, note that left singular vectors corresponding to the 
non-zero singular values of a matrix span the range of this 
matrix. By applying SVD on the K-SVD trained dictionary 
and the dictionary made of training pdfs and keeping the 258 
columns corresponding to the significant singular values, the 
matrices 𝐆 and 𝐇 that span the range of these two dictionaries 
are obtained. The expression (𝐆𝐆𝐇 − 𝐈)𝐇 then gives the 
difference between the span of one dictionary and its 
projection onto the range of the other. For K-SVD and PDF 
dictionaries, 𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙 was computed to be 8.9∙10−12, which is 
negligibly small. As such, PINV(PDF) method by-passes 
sparsity assumptions and dictionary training without 
compromising representative power. 

To further support the point that the presence of a dictionary 
that represents the pdfs is essential, we set the dictionary in 
PINV reconstruction to the identity matrix 𝐈, so that ℓ𝓁!-
penalty is applied on the pdfs themselves, rather than 
dictionary transform coefficients. At 3-fold acceleration, this 
resulted in a substantially high error of 68.6% for slice 40 of 
subject A. Moreover, if ℓ𝓁!-regularization is applied on the 
pdfs by setting the dictionary to the identity matrix 𝐈 in the 
FOCUSS algorithm, 15.6% RMSE is obtained. In contrast, 
using a pdf-based dictionary with PINV(PDF) reduced this 
error 7.5% (Fig.1). 

An alternative approach to improving reconstruction speed 
is to increase the convergence rate of iterative CS algorithms 
through Nesterov-type gradient descent algorithms [34]. These 
optimal methods rely on a weighted combination of all 
previous gradients, and reduce the number of iterations 
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required to reach a certain solution precision. With the FISTA 
algorithm [34], wavelet-based deblurring was seen to require 
10 times fewer number of iterations compared to gradient 
descent. However, even with optimal descent techniques, 
processing time of CS algorithms would still remain above an 
hour for full brain reconstruction, which may not be a 
clinically feasible interval. Further, ℓ𝓁! regularization 
parameters need to be determined for such optimal CS 
algorithms. Parallel programming and optimized 
implementation in an efficient language such as C++ are two 
potential sources of performance gain for all methods 
considered in the current work. 

For all of the proposed methods, there is also one parameter 
that needs to be tuned, namely, the ℓ𝓁! regularization parameter 
for PINV(K-SVD) and PINV(PDF), and the number of 
columns kept in PCA. We propose to use the fully-sampled 
training dataset to determine “optimal” parameters with 
respect to the RMSE metric. Using the same undersampling 
pattern that will be applied on the test dataset, the parameter 
setting that yields the lowest reconstruction RMSE on the 
training dataset is determined by parameter sweeping. We note 
that there are other established ways to determine these 
regularization parameters (e.g., L-curve method [25], cross-
validation). With the assumption that fully-sampled data exist 
for dictionary training, we further utilized this set for 
parameter extraction. For subject A, the dimension of the PCA 
space was determined by minimizing the reconstruction error 
on the training set from subject B to obtain the optimal values 
T=(50, 26, 22) at R=(3, 5, 9). Instead, if the parameters were 
determined by optimizing the performance on subject A, the 
optimal values would be T=(49, 24, 23). This set of parameters 
would yield 7.7%, 8.9% and 10.9% at R=(3, 5, 9), compared 
to 7.8%, 8.9%, and 11.0% obtained in Fig.1 with the 
parameters determined on the training set. The difference is 
mild, causing a change of at most 0.1% in the average error. 
Similarly for subject B, the optimal parameter setting was 
found to be T=(45, 27, 13) based on the training dataset from 
subject A. Assuming that it was possible to optimize the 
parameters with data from subject B, T=(45, 22, 13) would 
have been obtained. In this case, the only difference is at R=5, 
where the RMSE in Fig.2h would decrease from 12.8% to 
12.6% if T=22 was used instead of T=27. Hence, the PCA 
parameters extracted from the training dataset generalize very 
well to the test dataset and yield close to optimal 
reconstruction performance.  

Because the optimal PCA dimension was seen to differ 
across subjects (for A, T=(50, 26, 22) and for B, T=(45, 27, 
13)), we tested the effect of applying the optimal T determined 
for subject A while reconstructing B and vice versa. 
Regarding slice 40 of subject A, the error values became 
7.7%, 9.0% and 11.5% at R=(3, 5, 9), compared to 7.8%, 8.9% 
and 11.0% RMSE in Fig.1. Regarding the reconstruction of 
slice 25 of subject B, the RMSEs would change to 11.5%, 
12.8%, and 15.8% at R=(3, 5, 9) compared to 11.2%, 12.8% 
and 14.8% obtained in Fig.2. These results suggest that 
optimal number of columns for PCA reconstruction 
generalizes across subjects, except when very high 
acceleration factors are employed.  

The number of PCA columns that yielded the lowest error 
was seen to decrease as the acceleration factor increased. PCA 
reconstruction in (15) involves the solution of a least squares 
problem via the pseudoinverse of 𝐅!𝐐𝑻, and this problem is 
ill-conditioned if the condition number of 𝐅!𝐐𝑻 is large. In 
this case, small errors in the entries of this matrix can lead to 
large errors in the solution vector. While keeping the number 
of columns T fixed, it was observed that the condition number 
increased as the acceleration factor increased. For instance, 
letting T=100, 𝑐𝑜𝑛𝑑 𝐅!𝐐𝑻  was computed to be 6.8 at R=3, 
113.2 at R=5, and 2.0·1014 at R=9. This indicates that smaller 
number of columns needs to be used at higher accelerations to 
keep the least squares problem well-conditioned. 

The regularization parameter 𝜆 for PINV(K-SVD) and 
PINV(PDF) was seen to be relatively insensitive to changes in 
the acceleration factor R. For reconstruction of subject A, the 
optimal parameters were determined on the training dataset 
from subject B, and were found to be 𝜆=10−2 for PINV(K-
SVD) and 𝜆=3∙10−2 for PINV(PDF) for all undersampling 
factors. If the optimal parameters were determined on the test 
data itself, 𝜆=10−2 for PINV(K-SVD) and 𝜆=3∙10−2 for 
PINV(PDF) would again be obtained at R = 3 and 5. However, 
slightly lower regularization parameters of 𝜆=3∙10−3 and 
𝜆=10−2 would be obtained at R = 9. Regarding subject B, the 
optimal parameters determined on the training dataset were 
𝜆=10−2 for PINV(K-SVD) and 𝜆=10−1 for PINV(PDF) at all 
acceleration factors, except that 𝜆=3∙10−2 at R = 9 was chosen 
for PINV(PDF). If these parameters were determined on the 
test data itself, 𝜆=10−2 for PINV(K-SVD) and 𝜆=10−1 for 
PINV(PDF) at all R factors would be selected. Based on this 
analysis, the regularization parameters selected on the fully-
sampled training dataset are seen to generalize well to 
reconstruction of undersampled test data. These parameters 
are also insensitive to the acceleration factor employed, further 
increasing the robustness of the proposed Tikhonov-
regularized methods. 

To explore whether dictionary-based methods generalize 
across healthy subjects, dictionaries trained on three different 
subjects were employed in reconstruction of a single slice 
from subject A. For all of the dictionary-based methods, 
essentially the same RMSE values were obtained with data 
from each subject (Fig.5). While this indicates that the 
proposed methods generalize well among young and healthy 
subjects, it remains an open question whether the same 
observation can be made across different age groups or patient 
populations. The impact of using different imaging parameters 
on generalization of dictionary reconstruction also warrants 
further investigation. It is especially likely that employing 
different scan parameters would cause the pdf shapes to 
change, as this would correspond to a different snapshot of the 
diffusion process.  

When 10 average data were taken as ground truth (Fig.6), 
all four dictionary-based methods at 3-fold acceleration were 
seen to yield lower error than the fully-sampled 1 average 
data. This could indicate that dictionary-based techniques 
successfully estimate the missing q-space samples as well as 
denoise the q-space. In accordance with this conclusion, K-
SVD was recently proposed as a denoising tool for high-
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angular diffusion imaging (HARDI) [35], where training and 
denoising were performed on q-space images.  

Regarding the PCA method, using a lower dimensional 
space reduces the number of coefficients that need to be 
estimated from the sampled q-space points. Considering the 
case at R=3 with T=50 principal components, the projected 
pdfs reside in a 50-dimensional space whose coordinates need 
to be determined using 171 q-space samples (at 3-fold 
undersampling for 515 directions). Rather than operating in 
the pdf space with 12×12×12 = 1728 dimensions, PCA 
method seeks 50 coefficients, thus substantially reduces the 
effective undersampling factor of the problem. This is thanks 
to the prior information encoded in the training pdf dataset.       

Optimization of the dictionary trained with the K-SVD 
algorithm with respect to the training parameters was 
investigated in Fig.10. The lowest RMSE of 7.48% was 
obtained with the smallest dictionary of column size 𝐾=258 at 
the sparsity level 𝑠=10. However, the performance is 
relatively insensitive to the training parameters, e.g. 7.56% 
RMSE is obtained with the overcomplete dictionary at any 
sparsity or consistency level. The reason why the 
overcomplete dictionary remains the same while the 
parameters change is that, it is possible to represent any 
training pdf using a single dictionary coefficient, as the 
number of columns is equal to the number of training pdfs. 
Hence, using an overcomplete dictionary would simplify the 
parameter selection in K-SVD training while remaining close 
to optimal in terms of reconstruction quality. The Dictionary-
FOCUSS results reported in [12] were all obtained with 
overcomplete dictionaries. This selection substantially 
increases the reconstruction times, since the overcomplete 
dictionary is about 12 times larger than the optimal 258-
column dictionary employed here. By reducing the number of 
iterations about 3 times and the dictionary size about 12 times, 
we were able to obtain 45-times speed up in Dictionary-
FOCUSS reconstruction relative to [12], without degrading 
the RMSE values. Still, the proposed methods are two orders 
of magnitude faster than this newly optimized version of 
Dictionary-FOCUSS reconstruction. 
    Rather than matching the q-space data with equality, it is 
possible to formulate FOCUSS reconstruction in (5) as an 
unconstrained optimization problem [36] as follows, 

𝒔! = argmin𝒔   𝐅!𝐃𝐖!𝒔 − 𝒒 𝟐
𝟐 + 𝛾 ∙ 𝒔 !

!	
   (21) 

Via the mapping 𝒙 = 𝐖𝒔, this update step would result in 
ℓ𝓁!-regularized reconstruction, 

min𝒙   𝐅!𝐃𝒙 − 𝒒 !
! + 𝛾 ∙ 𝐖!!𝒙 !

!	
  
≈ 𝐅!𝐃𝒙 − 𝒒 𝟐

𝟐 + 𝛾 ∙ 𝒙 ! (22) 

where 𝛾 is a regularization parameter that needs to be 
determined. At R=3 on slice 40 of subject A, equality 
constrained reconstruction yielded 7.56% RMSE. With 
parameter sweeping, the optimal 𝛾 was found to be 10−4, with 
an error of 7.54%. Since the improvement in performance is 
negligible and the parameter 𝛾 needs to be tuned, regularized 
version of FOCUSS was not used in this work. 

In addition to comparison in pdf domain and q-space as 
well as validation with respect to low-noise 10 average 
dataset, reconstruction methods were also compared against 
the fully-sampled acquisition in terms of fidelity in odf 
reconstruction and fiber tractography. Fig.8 demonstrates 
good correspondence between the fully-sampled odfs and all 
four dictionary-based methods at 3-fold undersampling.  

Example atoms from PDF, K-SVD and PCA based 
dictionaries are plotted in Fig.9. Top row depicts iso-
probability surfaces for three individual pdfs that were 
sampled from Subject B. In the middle row, three columns of 
K-SVD-trained dictionary are reformatted to the three-
dimensional grid for display purposes. The final row shows 
the first three eigenvectors of the PCA representation. As 
opposed to the K-SVD atoms, the columns of the PCA basis 
do not resemble individual pdfs, since they represent the 
principal components of the training dataset. These 
eigenvectors summarize the variance in the dataset within a 
small number dimensions, hence they are not visually similar 
to the pdf isosurfaces plotted in the top row.  
    Visual inspection of the tractography solutions (Fig. 11) 
showed that similar white-matter pathways could be obtained 
from the images reconstructed from the fully sampled data and 
the 3-fold accelerated data with PCA, PINV(K-SVD) and 
PINV(PDF). The mean Hausdorff distance between the 
pathways obtained from the fully sampled reconstruction and 
each of the accelerated reconstructions, averaged over all 18 
pathways was 3.2mm for PCA and 4.5mm for both PINV(K-
SVD) and PINV(PDF). This is less than 2 voxels, which we 
have previously found to be the inter-rater test-retest reliability 
of manually labeling the pathways [32]. 

We also found good agreement between the average FA and 
MD values in the four data sets (Fig. 12). The mean difference 
between the average FA values in the fully sampled and 3-fold 
accelerated reconstructions, as a percentage of the value in the 
fully sampled data, was 5.0%, 5.2%, and 6.0%, respectively, 
for the PCA, PINV(K-SVD), and PINV(PDF) reconstructions. 
The same errors for the average MD values were, respectively, 
3.2%, 3.1%, and 3.4%.  

VI. CONCLUSION 
To accelerate the acquisition speed of DSI, two dictionary-

based reconstruction algorithms that estimate diffusion pdfs 
from undersampled q-space were proposed. Using the same 
training data, these methods decrease the computation time by 
2 orders of magnitude relative to dictionary-based compressed 
sensing algorithm [12], making the use of such algorithms 
feasible for clinical applications. Experiments on in vivo data 
show that the proposed algorithms yield comparable 
reconstruction quality to that of dictionary-based CS in terms 
of pdf, odf and tractrography solutions. The proposed methods 
do not make sparsity assumptions on the reconstructed pdfs, 
instead constrain them to be a linear combination of the 
dictionary columns. These fast ℓ𝓁!-based algorithms also 
simplify the training step: dictionaries obtained with simple 
linear algebra operations or without any training perform 
equally well as the more involved K-SVD training. Further, it 
is demonstrated that a dictionary trained using pdfs from a 
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single slice of a particular subject generalizes well to slices at 
different anatomical regions from another subject.  
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