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•  QSM	
  es&mates	
  the	
  underlying	
  magne&c	
  suscep&bility	
  
that	
  gives	
  rise	
  to	
  subtle	
  	
  changes	
  in	
  the	
  magne&c	
  field	
  

•  Es&ma&on	
  of	
  the	
  suscep&bility	
  map	
  χ	
  from	
  the	
  
unwrapped	
  phase	
  φ	
  involves	
  solving	
  an	
  inverse	
  problem1,	
  	
  

Quan&ta&ve	
  Suscep&bility	
  Mapping	
  (QSM)	
  

δ	
  =	
  F-­‐1	
  D	
  F	
  χ	
  

F:	
  Discrete	
  Fourier	
  Transform	
  
D:	
  suscep&bility	
  kernel	
  
δ	
  =	
  φ/(γ�TE�B0)	
  :	
  normalized	
  field	
  map	
  

measured estimate 

 
1 Marques JP et al., Concepts in Magn Res 2005 
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•  Undersampling	
  is	
  due	
  to	
  physics	
  
	
  Not	
  in	
  our	
  control	
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•  Regularized	
  QSM	
  imposes	
  smoothness	
  or	
  sparsity	
  
constraints	
  on	
  the	
  gradient	
  of	
  the	
  suscep&bility	
  map	
  

•  L2-­‐regulariza&on1,2	
  	
  (smoothness	
  prior):	
  	
  	
  
	
  

Regularized	
  Suscep&bility	
  Inversion	
  

min F−1DF χ −δ
2

2
+β ⋅ MG χ

2

2

 
1 De Rochefort L et al., MRM 2010     2 Liu T et al., MRM 2011      

Data	
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   Regularizer	
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G :

M :

Spa&al	
  gradient	
  operator	
  in	
  3D	
  

Binary	
  mask	
  derived	
  from	
  magnitude	
  
image,	
  prevents	
  smoothing	
  across	
  edges	
  

β :Determines	
  the	
  amount	
  of	
  smoothness	
  



•  Regularized	
  QSM	
  imposes	
  smoothness	
  or	
  sparsity	
  
constraints	
  on	
  the	
  gradient	
  of	
  the	
  suscep&bility	
  map	
  

•  L2-­‐regulariza&on1,2	
  	
  (smoothness	
  prior):	
  	
  	
  
	
  
	
  
	
  

•  L1-­‐regulariza&on3,4	
  	
  	
  (sparsity	
  prior):	
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1 De Rochefort L et al., MRM 2010     2 Liu T et al., MRM 2011     3 Liu J et al., NIMG 2012     4 Wu B et al., MRM 2012    

min F−1DF χ −δ
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+α ⋅ MG χ
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•  Regularized	
  QSM	
  imposes	
  smoothness	
  or	
  sparsity	
  
constraints	
  on	
  the	
  gradient	
  of	
  the	
  suscep&bility	
  map	
  

•  L2-­‐regulariza&on1,2	
  	
  (smoothness	
  prior)	
  	
  	
  
	
  

•  L1-­‐regulariza&on3,4	
  	
  	
  (sparsity	
  prior)	
  

•  Reported	
  reconstruc&on	
  &mes	
  are	
  in	
  the	
  range	
  between	
  
20	
  minutes2,3	
  to	
  2-­‐3	
  hours4	
  	
  

•  We	
  propose	
  efficient	
  solvers	
  that	
  are	
  up	
  to	
  20×	
  faster	
  	
  

•  Facilitate	
  online	
  recon	
  and	
  clinical	
  applica&on	
  of	
  QSM	
  

Regularized	
  Suscep&bility	
  Inversion	
  

 
1 De Rochefort L et al., MRM 2010     2 Liu T et al., MRM 2011     3 Liu J et al., NIMG 2012     4 Wu B et al., MRM 2012    

Matlab	
  SoRware:	
  mar-nos.org/~berkin	
  



 
1 Bilgic B et al., JMRI 2013 

L2	
  with	
  Magn	
  Weight	
   L1	
  Regularized	
   L1	
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  Magn	
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  L2	
  Regularized	
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  iso	
  

Closed-­‐form	
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  -me:	
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Proposed	
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  88	
  sec	
  

Proposed	
  
Recon	
  -me:	
  60	
  sec	
  

Proposed	
  
Recon	
  -me:	
  275	
  sec	
  



L2	
  Regularized	
  QSM	
  

min F−1DF χ −δ
2

2
+β ⋅ MG χ

2

2

•  Without	
  magnitude	
  weigh&ng	
  (M=Identity),	
  we	
  
proposed	
  a	
  closed-­‐form	
  solu&on1	
  

•  This	
  relies	
  on	
  compu&ng	
  gradients	
  in	
  k-­‐space	
  rather	
  
than	
  image-­‐space:	
  

•  With	
  this	
  trick,	
  solu&on	
  requires	
  only	
  two	
  FFTs:	
  

	
  
χ = F−1(D2+β ⋅E2)−1 ⋅DFδ

diagonal	
  matrix	
  
 
1 Bilgic B et al., JMRI 2013 

G = F−1 EF E :Diagonal	
  

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
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  k-­‐space	
  rather	
  
than	
  image-­‐space	
  

•  With	
  this	
  trick,	
  solu&on	
  requires	
  only	
  two	
  FFTs	
  

•  Elegant	
  improvements	
  to	
  closed-­‐form	
  L2:	
  
Khabipova	
  et	
  al	
  #602	
  and	
  Schweser	
  et	
  al	
  #605	
  

 
1 Bilgic B et al., JMRI 2013 
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  SoRware:	
  	
  
mar-nos.org/~berkin	
  



L2	
  with	
  Magn	
  Weight	
   L1	
  Regularized	
   L1	
  with	
  Magn	
  Weight	
  L2	
  Regularized	
  

kz 

kx 

k-­‐space	
  

kz 

kx 

k-­‐space	
  

kz 

kx 

k-­‐space	
  

kz 

kx 

k-­‐space	
  

G χ
2

2 MG χ
2

2 G χ
1

MG χ
1

3D	
  GRE	
  0.6	
  mm	
  iso	
  

Closed-­‐form	
  L2	
  
Recon	
  -me:	
  0.9	
  sec	
  

Proposed	
  
Recon	
  -me:	
  88	
  sec	
  

Proposed	
  
Recon	
  -me:	
  60	
  sec	
  

Proposed	
  
Recon	
  -me:	
  275	
  sec	
  



L2	
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  with	
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  Weigh&ng	
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•  When	
  magnitude	
  weigh&ng	
  is	
  included,	
  op&mizer	
  
is	
  given	
  by	
  the	
  solu&on	
  of:	
  	
  

(D2+β ⋅EH FMF−1 E)F χ =DFδ
This term cancels 

if M = I    

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



L2	
  Regulariza&on	
  with	
  Magnitude	
  Weigh&ng	
  

min F−1DF χ −δ
2

2
+β ⋅ MG χ

2

2

•  When	
  magnitude	
  weigh&ng	
  is	
  included,	
  op&mizer	
  
is	
  given	
  by	
  the	
  solu&on	
  of:	
  	
  

•  Large	
  linear	
  system,	
  solve	
  itera&vely	
  with	
  
Conjugate	
  Gradient	
  (CG)	
  

•  Proposal:	
  Use	
  closed-­‐form	
  solu-on	
  to	
  speed-­‐up	
  
convergence	
  of	
  Conjugate	
  Gradient	
  

(D2+β ⋅EH FMF−1 E)F χ =DFδ

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
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•  When	
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  is	
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  op&mizer	
  
is	
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  by	
  the	
  solu&on	
  of:	
  	
  

(D2+β ⋅EH FMF−1 E)F χ =DFδ

call A

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



L2	
  Regulariza&on	
  with	
  Magnitude	
  Weigh&ng	
  

min F−1DF χ −δ
2

2
+β ⋅ MG χ

2

2

•  When	
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  is	
  included,	
  op&mizer	
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  by	
  the	
  solu&on	
  of:	
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•  When	
  magnitude	
  weigh&ng	
  is	
  included,	
  op&mizer	
  
is	
  given	
  by	
  the	
  solu&on	
  of:	
  	
  

•  The	
  convergence	
  speed	
  of	
  CG	
  depends	
  on	
  the	
  
condi&on	
  number	
  of	
  A 

•  Bring	
  A	
  closer	
  to	
  being	
  iden&ty	
  using	
  a	
  
precondi&oner	
  

AF χ −DFδ = 0

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
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•  When	
  magnitude	
  weigh&ng	
  is	
  included,	
  op&mizer	
  
is	
  given	
  by	
  the	
  solu&on	
  of:	
  	
  

•  Approxima&on:	
   

•  Precondi-oned	
  CG	
  allows	
  fast	
  L2-­‐regulariza-on	
  
with	
  Magnitude	
  Weigh-ng	
  

(D2+β ⋅E2)−1 ⋅ (AF χ −DFδ) = 0

(D2+β ⋅E2)−1 ≈ A−1

closed-­‐form	
  

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
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L1	
  Regularized	
  QSM	
  

•  L1-­‐regulariza&on	
  has	
  no	
  closed-­‐form	
  solu&on,	
  
need	
  to	
  use	
  expensive	
  itera&ve	
  methods	
  

•  Proposal:	
  separate	
  L1-­‐regulariza-on	
  into	
  simpler	
  
L2-­‐regulariza-on	
  and	
  soR	
  thresholding	
  problems	
  

•  Employ	
  closed-­‐form	
  solu-on	
  to	
  solve	
  L2-­‐problem	
  

min F−1DF χ −δ
2

2
+α ⋅ MG χ

1

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
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L1	
  Regularized	
  QSM	
  

auxiliary	
  variable	
  

min F−1DF χ −δ
2

2
+α ⋅ y

1

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



L1	
  Regularized	
  QSM	
  

•  Variable-­‐spliang1,2	
  separates	
  into	
  simpler	
  problems	
  

 
1 Goldstein T et al, SIAM 2009  2 Chen Z et al, J Comp Assist Tomogr 2012  

st  y =MG χ

χ t+1 = argmin
χ

F−1DF χ −δ
2

2
+µ yt −MG χ 2

2

yt+1 = argmin
y

α ⋅ y
1
+µ y−MG χ t+1 2

2

1)	
  L2-­‐regularized:	
  

2)	
  SoR	
  thresholding:	
  

min F−1DF χ −δ
2

2
+α ⋅ y

1

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



L1	
  Regularized	
  QSM	
  

•  Variable-­‐spliang1,2	
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  into	
  simpler	
  problems	
  

 
1 Goldstein T et al, SIAM 2009  2 Chen Z et al, J Comp Assist Tomogr 2012  

1)	
  L2-­‐regularized:	
  

enforces	
  
 

µ affects	
  convergence,	
  	
  
not	
  final	
  solu&on1	
  

y =MG χ

st  y =MG χ

min F−1DF χ −δ
2

2
+α ⋅ y

1

χ t+1 = argmin
χ

F−1DF χ −δ
2

2
+µ yt −MG χ 2

2

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



L1	
  Regularized	
  QSM	
  

•  Variable-­‐spliang1,2	
  separates	
  into	
  simpler	
  problems	
  

•  Very	
  similar	
  to	
  L2-­‐regularized	
  QSM:	
  

 
1 Goldstein T et al, SIAM 2009  2 Chen Z et al, J Comp Assist Tomogr 2012  

1)	
  L2-­‐regularized:	
  

st  y =MG χ

min F−1DF χ −δ
2

2
+α ⋅ y

1

min F−1DF χ −δ
2

2
+β MG χ

2

2

Use	
  Precondi-oned	
  Conjugate	
  Gradient	
  	
  

χ t+1 = argmin
χ

F−1DF χ −δ
2

2
+µ yt −MG χ 2

2

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



L1	
  Regularized	
  QSM	
  

•  Variable-­‐spliang1,2	
  separates	
  into	
  simpler	
  problems	
  

•  Closed-­‐form	
  solu&on	
  with	
  point-­‐wise	
  opera&ons:	
  

 
1 Goldstein T et al, SIAM 2009  2 Chen Z et al, J Comp Assist Tomogr 2012  

st  y =MG χ

min F−1DF χ −δ
2

2
+α ⋅ y

1

2)	
  SoR	
  thresholding:	
  

yt+1 =max MG χ t+1 −
α
2µ
, 0

"

#
$

%

&
'⋅sign(MG χ t+1)

yt+1 = argmin
y

α ⋅ y
1
+µ y−MG χ t+1 2

2

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
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  separates	
  into	
  simpler	
  problems	
  

 
1 Goldstein T et al, SIAM 2009  2 Chen Z et al, J Comp Assist Tomogr 2012  

st  y =MG χ

1)	
  L2-­‐regularized:	
  

2)	
  SoR	
  thresholding:	
  

min F−1DF χ −δ
2

2
+α ⋅ y

1

yt+1 =max MG χ t+1 −
α
2µ
, 0

"

#
$

%

&
'⋅sign(MG χ t+1)

Use	
  Precondi&oned	
  CG	
   Iterate	
  un-l	
  converged	
  

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



Data	
  Acquisi&on	
  
v High-­‐resolu-on	
  3D	
  GRE	
  
•  0.6	
  mm	
  isotropic	
  at	
  3T	
  
•  TR	
  /	
  TE	
  =	
  26	
  /	
  8.1	
  ms	
  
•  Rinplane	
  =	
  2,	
  Par&al	
  Fourier	
  =	
  3/4	
  
•  Tacq	
  =	
  16	
  min	
  

v Simultaneous	
  Mul--­‐Slice	
  EPI	
  
•  2	
  mm	
  isotropic	
  at	
  7T	
  
•  TR/TE1/…/TE4	
  =	
  2040/15/74	
  ms	
  
•  Rinplane	
  =	
  3,	
  Mul&-­‐Band	
  =	
  3	
  
•  Tacq	
  =	
  2	
  sec	
  

3D	
  GRE	
  Phase	
  @	
  3T	
  

SMS	
  EPI	
  Phase	
  @	
  7T	
  

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



−π	
  

π	
  

Phase	
  Processing	
   3D	
  GRE	
  0.6	
  mm	
  iso	
  
Wrapped	
  Phase	
  

Laplacian	
  
unwrapping1:	
  
6	
  seconds	
  3.5	
  

−3.5	
  

Unwrapped	
  Phase	
  

 
1 Li W et al, Neuroimage 2012  2 Schweser F et al, Neuroimage 2011  

0.05	
  
ppm	
  

−0.05	
  
ppm	
  

Tissue	
  Phase	
  
SHARP	
  
filtering2:	
  
7	
  seconds	
  

Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  



Regularized	
  QSM	
   3D	
  GRE	
  0.6	
  mm	
  iso	
  

Max	
  Intensity	
  Projec&ons	
  over	
  3mm	
  Slab	
  	
  
Matlab	
  SoRware:	
  	
  
mar-nos.org/~berkin	
  

Closed-­‐form	
  L2	
  

−0.15	
  

Recon	
  -me:	
  0.9	
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