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Abstract

Optical flow is a classical tool to estimate velocity vectetds from objects
on a manifold. The Helmholtz-Hodge Decomposition (HHD) ettor fields has
been used to isolate rotational and divergential featuregctor fields, such as
vortices in vector fields. However, the existing HHD techugg operate on flat,
2D domains, which is non-adequate to many potential agpica In this pa-
per, we extend the Helmholtz-Hodge decomposition to veattds defined over
any arbitrary surface manifolds. This is achieved usingenfannian variational
formalism. We illustrate the proposed methodology with deeomposition of
optical flow vector fields defined on a variety of surface otgatsing synthetic

and experimental data.
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1. Introduction

Optical flow is the apparent motion due to temporal variiornhe observed
pattern of brightness. Under certain conditions, opticalfils an adequate match
of the motion field of the displacement of an object, Horn acdusick (1981).
In most applications, the optical flow is estimated on 2D, flat, surface man-
ifolds. This is problematic when the object of interest isung on a non-flat
domain as in the case of flow turbulence over general surf&esently, we in-
troduced a new variational framework to estimate opticaiflrector fields on
non-flat surfaces using a Riemannian formulation, Lefévreé Baillet (2008).
Here we broaden this framework to detect patterns — suchuases) sinks and
traveling waves — in the spatial distribution of optical flector fields by ex-
tending the definition of the Helmholtz-Hodge DecompositiHD) to non-flat
domains. This contribution uses the main framework of vefiedds on differ-
ential geomtery and its implementation by Finite Elementidd (FEM) from
Lefévre and Baillet (2008). To make this article self conéai we revisit impor-
tant concepts in Section Il.

The Helmholtz-Hodge Decomposition, Chorin and Marsde®38).9s a tech-
nique to decompose a 2D or 3D continuous vector field into tine sf the three

following components:
e a non-rotational part, deriving from the gradient of a scptatentialU;

e a non-diverging part, deriving from the rotational of a scar vector po-

tential Ain 2D or 3D, respectively;

e a harmonic parH, whose Laplacian vanishes.



From these components, it has been suggested that feafurdgsrest, sin-
gularities or vanishing points of the vector field could béedted. These singu-
larities are related to features of a more direct, physiatdmre, Guo et al. (2005)
such as sources, sinks and vortices (see Section 3.3). ujihteature analy-
sis of vector fields have multiple practical applicationslyca few studies have
specifically addressed their detection and visualizatiofas Scheuermann and
Tricoche (2005).

Furthermore, in most of the current literature, HHD has lsestribed on flat,
2D domains, Guo et al. (2005) or in full 3D geometry, Tong e(2003). How-
ever, multiple fields of application — such as: experimefitatl dynamics and
turbulence, Corpetti et al. (2003), Palit et al. (2005); siblpgical modeling, Guo
et al. (2006); structural and functional neuroimaging.cveé et al. (2009), Khan
et al. (2009) and the compressed representation of largibdited vector fields,
Scheuermann and Tricoche (2005) — would benefit from a geaed principled
approach to the HHD of vector fields on surface manifolds. &anrthors have
suggested that approximations of surface-based HHD cautbieved on poly-
hedral surfaces, Polthier and Preuss (2003), using thé kagdidean geometry
of the manifold, which is problematic with highly curved fage supports.

In the context of optical flow, we have shown in Lefévre andIBa{2008) that
the surface curvature needs to be explicitly considerethirobust estimation of
vector fields within the tangent bundle of the surface suppdoreover, we have
shown that results on convergence of the numerical estmafi the vector field
can be modified by the non-flatness properties of the surfaterefore HHD
frameworks defines on the euclidean domain, Polthier anasBr003), will not

be adequate on curved manifolds. We have worked on meshsegpiation of



surfaces but we have to mention very recent and promisingaudsf that are still
applied to euclidian domains at the moment but which are fasshPetronetto
et al. (2009).

In this article, we extend these results by redefining the Hifizector fields in
the context of Riemannian geometry for non flat manifoldsvimichshortcoming
of previous methods, Polthier and Preuss (2003), Petmeetl. (2009) defined
on euclidean geometry.

The aim of this contribution is therefore twofold: first, welefine the HHD on
2-Riemannian manifolds and second, we highlight its apgiio to the detection
of features in vector fields of the optical flow defined on gahsurfaces. Section
Il briefly revisits the concept of differential geometry aestimation of optical
flow on non-flat surface domains. Section IlI introduces the framework for
HHD on 2-Riemannian manifolds. A variety of results are praed in section
V.

The methods discussed here were implemented in Matlab araaiable for
download as a plugin of the Brainstorm academic softwaresfectromagnetic
brain imaging (http://neuroimage.usc.edu/brainstorfie code is implemented
in a multi-threaded way, to take advantage of multicore @ssors available in

current systems.

2. Mathematical backgrounds

This subsection is for introductory purposes; a more dedaiescription of its
contents is in Do Carmo (1993) and Lefevre and Baillet (2008)



2.1. Differential geometry

In the following section we will consider a surface (or 2-Riemannian mani-
fold) equipped by a metric or scalar prodggt, .) that allows to measure distances
and angles on the surface.

M can be parameterized by local chapts, x2). Thus, it is possible to obtain

a normal vector at each point:

o9 9
p_aX;L 6X2'

Note thatn, does not depend on the choice of the parametrizgtgrx).
GivenU : ¢ — R a function defined on the surface, we can obtain the differ-

entialdU : Tar — R which acts ol # the space of vector fields. We have:

ou ouU
dU(Vl,Vz) = a—lel + a—X2V2.

Then we define the gradient and divergence operators thrawajity:

dU (V) = g(0,, U, V), /MUdivMH _ —/M g(H,0,,U).

It is important to note that gradient and divergence arepeddent of the

parametrization.

Lastly, we have to define two functional spaces that will befuisfor a the-
orem in part 3. We definel!(a1) as the space of differentiable functions on the
manifoldsa/ andlt(a/ ) the space of vector field which satisfy good properties of

regularity (see Druet et al. (2004), Lefevre and BailletQ&0for more details).



2.2. Optical flow

Under the seminal hypothesis of the conservation of a sdiar| along

streamlines the optical floW is a vector field which satisfies:
ol +9(V,0,1)=0. (1)

Note that the scalar produgt-,-) is modified by the local curvature o ,
the domain of interest. The solution to Eq. 1 is not uniqueoag ks the compo-
nents oV (p,t) orthogonal tdJ,, | are left unconstrained. This so-called ‘aperture
problem’ has been addressed by a large number of methodgeugin regulariza-
tion approaches. These latter may be formalized as the nzation problem of
an energy functional, which both includes the regularityhef solution and the

agreement to the model:

(V) :/M {%-I-Q(V,DMI)rdLH—)\/M c(V)dy )

wheredpis a volume form of the manifoldr .
Here we have considered the following regularity factoriohloperates quadrat-

ically on the generalized gradient of the expected vecttt:fie
c(V)=Tr(Ov.0OV). (3)

Note that in order to be an intrinsic tensor, the gradient wéetor field must be
defined as the covariant derivative associated to the mdmifa We refer to the
concepts of differential geometry for more information aistnotion Do Carmo
(1993).



3. Helmholtz-Hodge decomposition on 2-Riemannian manifold

We now introduce an extended framework to perform HHD onama$ and
show that it can be applied to any vector field defined on a 2ARian manifold,
M .

3.1. Definitions and theorem

First we define scalar and vectorial curls by:

Curly, :HYa) = Tiar)  curl, :THar) = HY(ar)

Curl,, A= 0, Axn, curly,H = div, (H xn).

These formulas provide intrinsic expressions that do npédd on the parametriza-

tion of the surface.

We reformulate the results established in Polthier and923r€2003). We as-
sume in the following that is a closed manifold, i.e. it has no boundaries.
GivenV a vector field i (ar ), there exists functiond andA (up to an additive
constant) irH(as ) and a vector fieldd in I'1(2/) such that:

VvV =0,U+Curl,, A+H, 4)
where

curl,, (0,/U) =0, div,, (Curl, A) =0,
div,,H=0, curl,,H=0.



To prove this theorem we show hdwandA may be constructed.
Following classical constructions, we consitleandA as minimizers of the

two following convex functionals (there are not necessarigue):

| IV=0,U) % ©

[ IV —curl, Aldu (6)
M

wherel|.|| is the norm associated to the Riemannian meffic ).

These two functionals carry a global minimumidh(a7 ), which satisfies:

voeH (o), [ oV.Du@dn = [ g0y UOy@dn ()

VCPGHl(M),/ g(V,Curl, @)du = /g(CurIMA,CurlMcp)du. (8)
M M

These two equations will be very important for numerical pomations. The

end of the proof can be found in the Appendix.

3.2. Discretization

The two equations, (7) and (8) are crucial since they prothéepath to nu-
merical implementations wheid (a7 ) is approximated by a subspace of finite
elements (e.g., continuous linear piecewise functions).

We now detail the numerical implementation of Eqgs. (9) ar@,(tvhich are
defined on a surface tessellation that approximates the ideal manifold. Lt
be the number of nodes in the tessellation, respectivety (Bi

Following the Finite Element Method (FEM), we defiNecontinuous piece-
wise affine functionsp, whose values are 1 at nodand O at all other triangle

nodes.



| N;: normal at node i

/

/ni,j,k: normal of triangle i j,k

Tangent Plane A

hi: height from i

Figure 1: lllustration of local computations and assodatefinitions from FEM
on a triangular surface mesh.

Indeed, with this given basis functiofg, . . ., @n), we can writeU = (Uy,...,Up)T,
A= (A4,...,A))", and Egs; (7) and (8) read in a matrix way:

[/MQ(DM%DM%) U = /Mg<V,DM<ﬂ)] (9)

1] L [

[/ g(Curly @, Curl, @)| A = /g(V,CurlM(g)]. (10)
M M .

di,j L i

where[.]; j and[.]; represent a square matrix of sideand a column vector of size

N.



The harmonic componeht of the vector fieldv is obtained as:
H=V-0,U-Curl, A (11)

Gradient of each basis function is constant on each trisarglecan be simply
computed with geometrical quantities (see Lefevre andi®4i2008)). So, Eg.
(9) reads:

h ) hj
[T;j Ihi |12 | b ||2 ] [Zﬁl T Hz] : (12)

whereh; is the height taken fromin the triangleT, 4 (T) is the surface area of

triangleT.

Similarly, Eqg. (10) is discretized as follows:

2 () (o

wheren is the normal to trianglé .

=& (H Tk ”)]

3.3. Feature detection as critical points of potentials

The critical points of a vector field are often classified depeg on the eigen-
values of the Jacobian matrix at a point in a vector field. &ngresent case how-
ever, critical points of the flow may be defined as local exa@fthe divergence-
free potentialA (representing rotation) and curl-free potentia{representing di-
vergence). This definition is coherent with previous worléshsas Tong et al.
(2003). Feature detection, as critical points in globaeptal fields is much less

sensitive to noise in the data Tong et al. (2003) and theze$dess prone to false

10



positives, when compared to methods based on the extraafilmtal Jacobian
eigenvalues, Mann and Rockwood (2002).

A sink (respectively, a source) is defined as a local maximaspectively,
minimum) ofU. Counterclockwise and clockwise vortex objects are featiny
local maximum and minimum o4, respectively. Sincel a vector field which has
zero divergence and zero curl, traveling objects may bectitehrough vector

elements bearing the highest norms inithgector field.

11



4. Resaults

The new methodology is first evaluated by detecting souncdsanks on the
surface of a simplest curved manifold i.e. sphere, In Fig. RDHs applied on
spherical manifold having a rotating vector field (greeroas). Possible time
domain of this vector field can be considered as hurricangexpon the surface
of the earth as viewed from weather satellites.

HHD decomposition is then applied on this vector field. \@#4 in rotating
vector fields are identified by critical points &/and shown in a colormap over-
lapping with the vector field. The counter-clockwise ratgtvector fields, vortex

is identified by maxima i\, whereas the clockwise rotating vector fields, vortex

is identified by minima irA.

Figure 2: (a) Counter-clockwise rotating vector field, earidentified by maxima
in A. (b) Clockwise rotating vector field, vortex identified bynima inA.

12



Secondly, HHD is tested on a classical bunny mesh as showg.il3FVector
fields containing sources and sinks was synthesized to ntimeicoptical flow
of objects of increasing and decreasing sizes (shown imgaaews). Rotating
vectors field was also generated to mimic the optical flow geed by a rotating
vortex. The HHD of these vector fields was performedgnd A are shown in
overlapped textured color on the manifold).

Fig. 3(a) consists of a rotating vector field overlapped with Fig. 3(a)
demonstrates that vortices of the original vector field aardentified using HHD
on this arbitrary surface. Similarly, Fig. 3(b) containgeadiging vector fields with
A being representing as textured color. Fig. 3(b) shows thaices and sinks of
the vector field can also readily detected throughth@mponent of the HHD.

In Figs. 3(c) and 3(d), contains vector field of rotating ancgjing compo-
nents shown, and their correspondhigndU components respectively are repre-
sented as textured colors on the surface manifold. Fig$.aB@t3(d) demonstrate
that different types of features in the same vector field eambéntified by HHD.
Our colormap shows sources and clockwise vortices in bagal(lminima); sinks

and counter-clockwise vortices in red (local maxima).

13



(c) (d)

Figure 3: Vector fields are shown in green arrows and tdeand A components
are represented as textured color on the manifold: (a) Rgtaector field and its
A component; (b) Diverging vector field and lts component; (c) Rotating and
diverging vector field and it component; (d) Rotating and diverging vector field
and itsU component.

In the last set of simulations, a source and a vortex wer&earhon the surface
of a bunny manifold, by finding critical points of thé andA, HHD scalar fields

(Fig. 4(a)). Time domain for the vortex can be considerectsing vector field

14



(like huricane) moving on a non flat manifold (surface of thetle). Furthermore,
a surface patch of constant intensity was displaced usm@diection equation,
Lefévre and Baillet (2008) and tracked through the vectbth@largest norm in
vector fieldH (Fig. 4(b)). Possible real scenario for this simulatiorragking of
an object (like automobile) on the non flat surface (like douside).

In Fig. 4 snapshots of tracking are overlaid on the surfacerapresented by
symbols. A black arrow has been used to trace path of souncegaatex in Fig.

4(a) and moving the object in Fig. 4(b)

(a) (b)

Figure 4: Tracking of sink, vortex and traveling surfacechabf constant illu-
mination on a rabbit surface manifold. Symbols have beeigasd to each of
these objects while arrows show the track they followed. pShats of tracking
are overlaid to the figure: (a) Tracking of a source and a xp(t® Tracking of a
patch of constant intensity.

15



We further tested the HHD in a realistic scenario using a@rpemtal magne-
toencephalography (MEG) data. The brain response wasdedaver 306 MEG
sensors and the cortical currents were constrained on acsuidssellation of the
subject’s brain containing about 50,000 triangle node® ddrtical currents were
estimated with a regularized minimum-norm inverse modaledailed in Baillet
et al. (2001). The vector field of the optical flow of these eats were computed
using the method described in Lefevre and Baillet (2008)ingdemented by
us in the BrainStorm (http://neurocimage.usc.edu/brams}. The image shows
U about 30 ms after stimulus onset, where the primary somagosg brain re-
sponse is expected, as shown with a strong divergent patterrthe central sulcus
contralateral to the side of the stimulation.

Time resolved image series of cortical current sources eavblained by re-
constructing the generators of the magnetic fields that a@sored outside the
scalp (see Balillet et al. (2001) for an introduction). Théaa flow from MEG
source images representing motion fields of neural curnenihe surface of the
brain was obtained from its optical flow. HHD was then apptedetect sources

and sinks.

Results for theJ part of the HHD are shown in Fig. 5 to emphasis sources

of cortical currents that evolves with time. A diverging soeiin the primary
somatosensory cortex was found about 30 ms after the el@cstimulation of
the contralateral index finger: this result was expecteahfitoe electrophysiology

of the somatosensory systems.

16



(a) (b)

Figure 5: (a) Map of scalp potentidl obtained from the HHD of cortical currents
estimated on the surface of the brain from MEG recordingsviohg stimulation
of the right median nerve. (b) Zoomed view of activation. @aghap was scaled
to arbitrary units ofJ normalized to its instantaneous maximum.

5. Conclusion and Future Work

In this contribution, we developed a framework for the deposition of a
optical flow vector field on 2-Riemannian manifolds, whichakled us to suc-
cessfully detect/track features on non-flat manifolds. @twmputations involved
are simple, and been implemented in multi-threaded fashitgoh self distribute
with respect to the computation cores available. The coatjuut took less than
10 seconds to compute for all HHD components on a 50,000 rexteltation
(Brain mesh, Fig. 5) on a conventional workstation havingi&s. Evaluation of
this framework under real and simulated environments fedesome promising

applications in the emerging field of multi-dimensional giray.

This contribution has also already started producing @sting results in med-

17



ical imaging. Some applications of this tool in structurablgunctional neu-
roimaging are shown in Lefevre et al. (2009), Khan et al. @@hd Khan et al.
(2010). Applicability of this method on elephant manifolte presented in sup-
plementary material.

Future direction for this framework is its extension to thgcdetization using
higher-order finite element analysis and utilization o$ttwiol in more real world

applications.

6. Appendix

First we will show that the scalar potentiddsandA can be obtained up to a
constant. If we consider two minimizelds andU> for the functional in (5) then

from equation (7) we get:

voe Hl(ar). [ g(0, (U1=U2). Oy i =0

Green’s formula allows to transform this equation (giveatthh has no bound-
aries) :
voe H(a0), / @div,, 0, (U1 — Up)du =0
M

which corresponds to the Laplace equation:
A, (Up—Uz) =0

whereA,, = div,,,, is the Laplace-Beltrami operator.

The same thing can be done for two minimizagsandA, of the functional in

18



(6). So, writingR=U; — U, andR = A; — Ay, we have the two conditions:

Then, multiplying byR the first equation and integrating on the manifold we
get:
/ RA,, R =0
M

Green’s formula again yields:

/ 9(0y R, 0, R)du=0
M

Then it follows thatl],, R must equals zero arfd must be a constant. The same

thing can be applied t8 which must be constant.

Secondly we will show the conditions on the vector field Next if we write

H=V-0,U+Curl, A we have:
div,, H =div,,V —div,,0,,U and curl, H = curl,,V —curl,, Curl,, A
since diy, Curl,, A= 0and cur}, 0, U = 0. Then:
e Hi(a0), /M dliv, Hop = /M o(div,, V —div,, 0, U)dy
And by using Green'’s formula and equation (7) we obtain:

Ve Hl(M),/M cpdivMHduz/M g(V,DMcp)—/M 9(0s U, U @)dp=0

19



So we have proved that djH = 0 and the same strategy can be applied to obtain

curl,,H =0.
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Supplementary Material for Pattern Recognition L etters

Feature Detection and Tracking in Optical Flow on Non-Flat

M anifolds

In this supplementary material we will show application dladified Helmholtz-
Hodge Decomposition (HHD) on elephant manifolds.

Fig. 1 shows result in the same spirit as Figs. 3(c) and 3(d¢tdr fields are
shown with green arrows. Fig. 1(a) contains vector field strod rotating and
diverging components. Fig. 1(c) shows same vector fielddiating component 3
and 4 are now identified usimgcomponent of HHD overlapped on to the surface
as texture color. In Fig. 1(d) sources 1 and sink 4 is identifigU component
of HHD. Fig. 1(c) and Fig. 1(c) demonstrate different typéseatures in same
vector field can be identified by HHD. Our colormap shows sesiend clockwise
vortices in blue (local minima); sinks and counter-clock@wortices in red (local
maxima). Fig. 1(b) represent zoom image of sources and gtécted in Fig.

1(c) and Fig. 1(d).
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(b) .

(c) (d)

Figure 1: HHD on elephant manifold, vector field andutsand A components;
\ortices, sources and sinks are identified by local maxinrafma of U and A,
extracted through HHD (a) Vector field on elephant surfalse(lose-up view of
vector field withU and A superimposed; (c) Rotating vector field detecteddby
Component; (d) Diverging vector field identified by



